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" Abstract. Symplectic structures associated to connection forms on certain types of principal 

^ , fiber bundles are constructed via analysis of reduced geometric structures on fibered manifolds 

^— ^ i invariant under naturally related symmetry groups. This approach is then applied to nonstandard 

' Hamiltonian analysis of of dynamical systems of Maxwell and Yang-Mills type. A symplectic 
reduction theory of the classical Maxwell equations is formulated so as to naturally include the 

, Lorentz condition (ensuring the existence of electromagnetic waves), thereby solving the well 

O ' known Dirac -Fock - Podolsky problem. Symplectically reduced Poissonian structures and the 

pL^ ' related classical minimal interaction principle for the Yang-Mills equations are also considered. 

in 

(N 

^ I 1. Introduction 

When investigating dynamical systems, which are invariant under symmetry group actions, 
on canonical symplectic manifolds, additional mathematical structures often arise. Analysis of 
. these structures almost invariably produces important dynamical insights about the systems. For 
example, the Cartan connection on an associated principal fiber bundle leads to a more detailed 
understanding of the reductions of the dynamical system on invariant submanifolds and quotient 
manifolds. 

^ , Problems related to the investigation of properties of reduced dynamical systems on symplectic 

' manifolds were studied, e.g., in [U [151 El ESI [22], where the relationship between a symplectic 
. structure on the reduced space and the connection on a principal fiber bundle was explicitly formu- 
' lated. Other aspects of dynamical systems related to properties of reduced symplectic structures 
were studied in [TBI HZl HI] where, in particular, the reduced symplectic structure was completely 



o 

O 



' described within the framework of the classical Dirac scheme, and several applications to nonlinear 
(including celestial) dynamics were given. 

It is well known [H [S] [9] [12l [131 [11] that the Hamiltonian formulation of Maxwell's electromag- 
netic field equations involves a very important classical problem; namely, to intrinsically introduce 
the Lorentz condition, which guarantees the wave structure of propagating quanta and the posi- 
, tivity of energy. Unfortunately, in spite of extensive classical studies by Dirac, Fock and Podolsky 
?— ( ' [in] , the problem remains open. Consequently, the Lorentz condition is usually imposed in modern 
electrodynamics as an external constraint rather than arising naturally from the Hamiltonian (or 
Lagrangian) theory. Moreover, it was shown by Pauli, Dirac, Bogolubov and Shirkov and others 
[5] 1111 [HI [5] that the quantum Lorentz condition is incompatible with existing quantization ap- 
proaches for electromagnetic field theory, except in an average sense. These difficulties stimulated 
our study of this problem using symplectic reduction theory, which allows a systematic introduc- 
tion of the external charge and current conditions into the Hamiltonian formalism, and actually 
leads to the solution to the Lorentz condition problem described herein. 

Some applications of the method to Yang-Mills type equations interacting with a point charged 
particle are presented. In particular, by analyzing reduced geometric structures on fibered man- 
ifolds invariant under the action of a symmetry group, we construct the symplectic structures 
associated with connection forms on suitable principal fiber bundles. We begin with a brief descrip- 
tion of the mathematical preliminaries of the related Poissonian structures on the corresponding 
reduced symplectic manifolds, which are often used [TJ 1211 120) in various problems of dynamics 
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in modern mathematical physics. These methods are then applied to studying the nonstandard 
Hamiltonian properties of Maxwell and Yang-Mills type dynamical systems. 

Our main contribution here is a novel formulation of a symplectic reduction theory for the 
classical Maxwell electromagnetic field equations that provides a means of naturally including 
the Lorentz condition (ensuring [5l [6] the existence of electromagnetic waves) in the associated 
Hamiltonian structure - thereby solving the Dirac-Fock-Podolsky [10] problem mentioned above. 
In addition, we also use our symplectic reduction theory to investigate the Poissonian structures 
and the classical minimal interaction principle related to Yang-Mills equations. 

2. Symplectic structures and reduction on manifolds: preliminaries 

In this section, we shall outline the basic elements of symplectic structures and reduction on 
manifolds employed in the sequel. 

2.1. Symplectic reduction on cotangent fiber bundles with symmetry. Consider an n- 
dimensional smooth manifold M and the cotangent vector fiber bundle T*(M). We equip (see |2], 
Chapter VII) the cotangent space T*(M) with the canonical Liouville 1-form A(q;'^^^) :— pr^^a*^^^ S 
A^(T*(M)), where prM : T*{M) ^ M is the canonical projection and 

n 

(2.1) a'-^\u)^^Vjdu^, 

where {u,v) G T*{M) arc the corresponding canonical local coordinates on T*{M). Thus, any 
group of diffeomorphisms of the manifold M naturally lifted to the fiber bundle T*{M) preserves 
the invariance of the canonical 1-form X{a^^^^) £ A^{T*{M)). In particular, if a smooth action of 
a Lie group G is given on the manifold M, then every element a £ where Q is the Lie algebra 
of the Lie group G, generates the vector field ka G T{M) in a natural manner. Furthermore, since 
the group action on M, i.e., 

(2.2) ip:G X M M, 

generates a diffeomorphism ip^ G Dif f M for every element g E G, this diffeomorphism lifts 
naturally to the corresponding diffeomorphism ip* G Dif f T*{M) of the cotangent fiber bundle 
T*{M), which also leaves the canonical 1-form prj^o:'^) G A^(T*(M)) invariant; namely, 

(2.3) ^;A(aW) = A(aW) 

holds [H [21 115j for every 1-form G Ai(Af). Thus, we can define on T*{M) the corresponding 
vector field Ka : T*(M) -> T{T*[M)) for every element a G 5. Then condition (HJ]) can be 
rewritten in the following form for all a G : 

where Lk^ and Lk^ are the ordinary Lie derivatives on A^(T*(A/)) and A^(M), respectively. 
The canonical symplectic structure on T*{M) is defined as 

(2.4) := dA(a(i)) 

and is invariant, i.e., Lk^uj^^"^ — for all a £ Q. 

For any smooth fimction H G D{T*{M)), a Hamiltonian vector field Kh : T*{M) T{T*{M)) 
such that 

(2.5) = -dH 

is defined, and vice versa, because the symplectic 2-form (|2.4p is nondegenerate. Using (|2.5p 
and (|2.4p . we easily establish that the Hamiltonian function H := Hk G D{T*{M)) is given as 
Hk = pr\ja''^\KH) — a'^^^ (pr*^KH) — a'^^^kn), where kn G T{M) is the corresponding vector 
field on the manifold M, whose lift to the fiber bundle T*{M) coincides with the vector field 
Kh ■■ T*{M) T{T*{M)). For Ka : T*{M) T{T*{M)), where a e G, it is easy to establish 
that the corresponding Hamiltonian function Ha = a'^^^(fca) = pr^i a'^^^Ka) for a G 5 defines 
[H I15| , fT4j a linear momentum mapping I : T*{M) — > Q* according to the rule 
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(2.6) Ha:=<l,a>, 

where <■,• > is the corresponding convolution on Q* xQ. By virtue of definition (j2.6p . the momen- 
tum mapping I : T*{M) — > Q* is invariant under the action of any invariant Hamiltonian vector 
field Kb : T*{M) -> T{T*{M)) for any h E Q. Indeed, Lk, < >= Lx.Ha = -Lk^H^ = 0, 
because, by definition, the Hamiltonian function iJf, G D{T*{M)) is invariant under the action of 
any vector field Ka : T*(M) ^ T{T*{M)), aGQ. 

We now fix a regular value of the momentum mapping l{u,v) — ^ G Q* and consider the 
corresponding submanifold := G T*{M) : l{u,v) = ^ G 5*}- Owing to definition (|2.ip 

and the invariance of the 1-form pr^ a^^' G A^(r*(M)) under the action of the Lie group G on 
T*(M), we have 



< Kg ° {u,v)), a >^ prl.ja^'^HKa){g o {u,v)) = 
(2.7) = prlta^'HKAd,_,a){u,v):= 

= < l{u, v), Adg^ia >—< Ad*_j^l{u, w), a > 

for any g E G and all a E Q and (m, w) G T*(M). Now it follows from (|2.7[) that ^(g o (u, w)) = 
Ad*_i^(M, u) for every g E G and all (u, u) G T*{M). This means that the diagram 

T*{M) ^ g* 

9 i i Adl^i 

T*{M) g* 

is commutative for all elements g E G. The corresponding action g : T*{M) T*{M) is called 
equivariant [I, 15J. 

Let G^ C G denote the stabilizer of a regular element £, E g* with respect to the related co- 
adjoint action. It is obvious in this case that the action of the Lie subgroup on the submanifold 
C T*{M) is naturally defined; we assume that it is free and proper. Using this action on Al^, 
we can define [U [ITl [181 [HI [20j a so-called reduced space A^j by taking the factor with respect to 
the action of the subgroup on A^j, i.e., 



(2.8) M^:=MJG^. 

The quotient space (12. Sp induces a symplectic structure Co"^^ E on itself, which is defined 

as follows: 

(2.9) <if (f7i,^2)=^f (r;i,,72), 

where 771,^2 ^ ^(-^c) ^'''^ arbitrary vectors onto which vectors ?7i,'72 ^ ^(-^c) ^^'^ projected for 
at any point {u^,v^) E Al^.It follows from (j2.8p that this projection onto the point p.^ E AA^ is 
unique . 

Let TTj : T*{M) denote the corresponding imbedding mapping into T*{M) and let 

: A1^— > A^j be the corresponding reduction to the space M^. Then relation (|2.9p can be 
rewritten in the form 

(2.10) rpf^TTluj^^\ 

which is defined on vectors on the cotangent space T*(A^j). To establish the symplecticity of the 
2-form Luf E A^{M^), we use the corresponding non-degeneracy of the Poisson bracket on 
Ai^. We use a Dirac type construction for the calculation, defining functions on Ai^ as certain 
Gj-invariant functions on the submanifold A4^. Then one can calculate the Poisson bracket {■,■}{ 
of such a function corresponding to the symplectic structure (|2.4p as an ordinary Poisson bracket 
on r*(M), arbitrarily extending these functions from the submanifold Ai^ C T*{M) to a neighbor- 
hood U{Ai^) C T*{M). It is obvious that two extensions of a given function to the neighborhood 
U{M.() of this type differ by a function that vanishes on the submanifold C T*{M). The dif- 
ference between the corresponding Hamiltonian fields of these two different extensions to U{M.{) 
is completely controlled by the conditions of the following lemma (see also [1] [T5 [ [T8 [ \VJ \ 123 ) ) . 
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Lemma 2.1. Suppose that a function f : U{M.^) — > R is smooth and vanishes on C T*(M), 
i-S-, = 0. Then, at every point {u^,v^) G Ai^ the corresponding Hamiltonian vector field 

Kf G T(U{A4^)) is tangent to the orbit Or(G; (u^,v^)). 

As a corollary of Lemma I^TTl we obtain an algorithm for computing the reduced Poisson bracket 
on the space Ai(^ according to definition (|2.10p . Namely, we choose two functions defined 
on and invariant under the action of the subgroup and arbitrarily smoothly extend them 
to a certain open domain U{Ai^) C T*{M). Then we determine the corresponding Hamiltonian 
vector fields on T*{M) and project them onto the space tangent to adding, if necessary, the 
corresponding vectors tangent to the orbit Or{G). It is easy to see that the projections obtained 
depend on the chosen extensions to the domain U {M^) C T*{M). As a result, we establish that the 
reduced Poisson bracket {-j-jj is uniquely defined via the restriction of the initial Poisson bracket 
upon M.^ C T*{A'I), and one can readily verify that the submanifold C T*{M) is defined by a 
collection of relations of the type 

(2.11) i^a. -C., Cs:=<C,«. >, 

where G 5, s = 1, dimG, is a certain basis of the Lie algebra Q. By virtue of the nondegeneracy 
of the restriction and the functional independence of the basis functions (|2.1ip , it is obvious that 
the reduced Poisson bracket {-j-}^ is [2 US [17] nondegenerate on M^. Consequently, we estabhsh 
that the dimension of the reduced space A4^ is even. Taking into account that the element £, ^ Q* 
is regular and the dimension of the Lie algebra of the stabilizer is equal to dim Gj, we easily 
establish that dim — dim T*{M) — 2dim Q^. Since, by construction, dim T*{M) = 2n, we 
conclude that the dimension of the reduced space is even. 

In order completely verify the correctness of the algorithm, it is necessary to establish the 
existence of the corresponding projections of Hamiltonian vector fields onto the tangent space 
T{M^). The following result [22] solves this problem. 

Theorem 2.2. At every point (u^,v^) G M^, one can choose a vector Vf G T{Or{G)) such 
that Kf{u^,v^) +Vf{u^,v^) G T'(«5,«j)(-M^). Furthermore, the vector Vf G T{Or{G)) is uniquely 
determined up to a vector tangent to the orbit Or{G{). 

Now assume that two functions /i,/2 G D{M^) are G^-invariant. Then their reduced Poisson 
bracket {/i, /2}^ on is defined according to the rule: 

(2.12) {h,h}'l := -u<^^HKf,+Vf,,Kf,+Vf,) = {h, h} + Lo<^^\Vf,,Vf,), 
where we have used the following identities on A^^ C T*{M) : 

(2.13) u^^^ {Kf, + V/, , V/J = = ^(2) {Kf, + Vf, ,Vf,), 
which follow immediately from 

(2.14) J''\Kf + Vf,Ka)^Q 

for aU a <=Q^ and / G D{M{) on M(^. With regard to (|2.13p . relation r2.12p takes the form 

(2.15) {hJ2}l - {/l,/2} + \{Vfj2 - Vfjl), 

for arbitrary smooth extensions /i, /2 G D{A4^) of G^-invariant functions, as defined above on the 
domain U{Ai^). Thus, as a consequence of (|2.2p . one has the following [Tl[9l[l5] theorem of Dirac 
type. 

Theorem 2.3. The reduced Poisson bracket of two functions on the quotient space — Ai^/G^ 
is determined with the use of arbitrary smooth extensions of them to functions on an open neigh- 
borhood U{A4^) according to the Dirac-type formula i2.15\) . 

2.2. Symplectic reduction on principal fiber bundles with a connection. We begin by 
reviewing reduction theory for Hamiltonian systems with symmetry on principle fiber bundles. 
As the material is partially available in [IJ [TH] , we shall provide only a sketch here using notation 
that is to be employed in the sequel. 

Let G denote a Lie group with the unity element e G G and G ~ Te{G) be its Lie algebra. 
Consider a principal fiber bundle tt : (M, ip) ^ N with the structure group G and base manifold 
N, on which the Lie group G acts via a mapping (p : M x G M. In particular, for each g E G 
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there is a group diffeomorphism Lp^ : M — > M, generating for any fixed u ^ M the following 
induced mapping: u : G ^ M, where 

(2.16) u{g) = ifigiu). 

This mapping induces a connection r(^) on the principal fiber bundle tt : (M, tp) — > N, where the 
morphism A: {T{M), ipg^) — + {Q, Adg-i), such that for each u e A/ a mapping A{u) : Tu{M) Q 
is a left inverse of the mapping ■u*(e) : Q — > Tu{M), that is 

(2.17) A{u)u.,{e) ^ 1. 

As usual, we denote by : T*{M) — > T*(M) the corresponding lift of the mapping tpg : M ^ M 
at any g G G. If a'^'^-' G A^(M) is the canonical G - invariant 1-form on M, the canonical symplcctic 
structure w^^-' e A^(r*(M)), given by the expression 

(2.18) := dA(a(i)) = d 

generates the corresponding momentum mapping / : T*{M) Q* , where 

(2.19) ra(i)(u) =r(e)a(i)(u) 

for all u G M. We remark here that the principal fiber bundle structure tt : (Af , ip) ^ N entails 
in part the exactness of the following sequences of mappings: 

(2.20) ^ g H"^' T^iM) H"^ T,(„) (N) ^ 0, 
that is 

(2.21) Tr^{u)u^{e) = = u*{e)T:*{u) 

for all u e M. Combining l|2.2ip with (|2.17|) and (|2.19p . one obtains the embedding: 

(2.22) [1 - A* {u)u* (e)]a(i) (m) G range tt* (w) 

for the canonical 1-form a^^^ G A^(Af) at u G M. The expression (|2.22p means of course, that 

(2.23) r (e)[l - A*(u)u*(e)]a^^^\u) = 

for all u G Af. As the mapping ■k*{u) : T*{N) T*{M) is injective for each m G Af , it has the 
unique inverse mapping (p*(-u))^^defined on its image t^* {u)T*^^-^{N) C T*{M). Whence, for 
each u G M one can define a morphism tt^ : {T*{M), ip*) — > T*{N) as 

(2.24) tta{u) : a^^\u) ^ {n*{u))-^[l - A* {u)u* {e)]a'^^\u) . 
It is easy to check using (j2.24p that the diagram 

T*{M) C T*{N) 
(2-25) ptmI IprN 

M ^ N 

is commutative. 

Now suppose an element ^ G be G-invariant, that is Ad*_i^ = ^ for all g E G. Let tt^ 
denote the restriction of the mapping (|2.24p upon the subset := G T*{M), that is 

TT^ : ^ T*{N), where for all u G M 

(2.26) nl,iu) : r^O - (t*(^.))-M1 - A* iu)u* ie)]l-\0- 

The structure of the reduced phase space :=/^^(^)/G can now be characterized by means of 
the following lemma. 

Lemma 2.4. The mapping 7r^(w) : Ai^ T*{N), where A4^ :— is a principal fiber G 

-bundle with the reduced space A4(^, maps diffeomorphically onto T*{N). 

Denote by < ., . >g the standard Ad-invariant non-degenerate scalar product on ^ ^ Q- The 
following characteristic theorem can be derived directly from Lemma 12.41 . 
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Theorem 2.5. Given a principal fiber G -bundle with a connection T{A) and a G -invariant 
element & Q* , then the connection T{A) defines a symplectomorphism : — > T*{N) 
between the reduced phase space and cotangent bundle T*{N), where I : T*{M) — > Q* is 

the natural momentum mapping for the group G -action on M. Moreover, 

(2.27) (^S)(rf Pr*NP^'^ +Pr*N ^f) = d prl.a'^'^ 

holds for the canonical 1-forms P^^^ G A^(A^) and a'^^ G A^(A'f), where fl'-^^ :=< >g 
is the ^ -component of the corresponding curvature form 17^^^ G A(^)(A^) Q. 

Remark 2.6. As the canonical 2-form dA(a(i)) = d prl^a^^'^ G A(2)(T*(M)) is by definition G - 
invariant on T*{M), it is evident that its restriction to the G -invariant submanifold A^^C T*{M) 
will be effectively defined only on the reduced space for which (|2.27p is satisfied. 



The following results are direct consequences of Theorem 12.51 that are useful for many applica- 
tions [221 [Tel. 



Theorem 2.7. Let ^ G 5* have the isotropy group G^ acting on the subset M^d T*(M) freely 

f 



and properly, so that the reduced phase space (A^^ jCTc^'), where :—l ^{^)/G^, has symplectic 



structure defined by 

(2.28) af^ ■= d prXja(i) 

// a principal fiber bundle tt : (M, (p) N has as its structure group, then the reduced 
symplectic space {Ji4^,a^ ) is symplectomorphic to the cotangent space {T*{N),uj\^>), where 

(2.29) ujf ^ d pr*j^l3^^^ + pr*Nnf\ 
and the corresponding symplectomorphism is of the form \2.21^ . 

Theorem 2.8. In order for two symplectic spaces (7W4,crf^) and {T*{N), dpr*j^P^^^) to be sym- 
plectomorphic, it is necessary and sufficient that the element ^ G ker h, where for the G-invariant 
element £, G G* the mapping h : ^ -> [nf^] G H'^{N;'L), where H^{N;Z) is the cohomology class 
of 2-forms on the manifold N. 



3. Symplectic analysis of Maxwell and Yang-Mills dynamical systems 

Here we shall show how are approach can be applied to various dynamical systems of the Maxwell 
and Yang-Mills types. 

3.1. Hamiltonian analysis of MzLxwell's electromagnetic dynamical systems. We take 
the Maxwell electromagnetic equations to be 

(3.1) dE/dt = VxB-J, dB/dt = -V X E, 

< V,E>^p, <V,B>=0, 

on the cotangent phase space T*{N), with N C T{D; E^) - the smooth manifold of smooth vector 
fields on an open domain D C M.^ - all expressed in the light speed units. Here {E,B) G T*{N), 
where the coordinates are the electric and magnetic fields, respectively, and p : Z) — > R and 
J : D — > E'^ are, respectively, fixed charge density and current functions on the domain D, satisfying 
the equation of continuity 

(3.2) ap/9t+ < V, J >= 

for all t G K. Here, V is the gradient operator with respect to a variable x G £>, x is the usual 
vector product in three-dimensional Euclidean space E'^ := (R^, < •, • >), which is real three-space 
R'^ endowed with the usual scalar product < •, • >. 

With an eye toward framing equations p.ip in the context of a reduced symplectic space, we 
define an appropriate configuration space M C T{D■,E^^) with a vector potential field coordinate 
A e M. The cotangent space T*{M) may be identified with pairs {A-.Y) G T*{M), where Y G 
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T*{D;K^) is a suitable vector field density in D. There exists the canonical symplectic form uj'^^^ £ 
A^(T*(M)) on T*{M) , allowing, owing to the definition of the Liouville form 

(3.3) A(a(i))(yl;r) = / x{< Y, dA >) -.^ {Y, dA) , 

Jd 

the canonical expression 

(3.4) _ rfA(a(i)) = d prlta^^^ = {dY, ^dA), 

where A is the usual exterior Product, d'^x denotes Lebesgue measure in the domain D, and 
prM '■ T*{M) ^ M is the standard projection upon the base space M. Now we define a Hamiltonian 
function H G V{T*{M)) as 

(3.5) H{A, Y) = l/2[(y, y) + (V X A, V X A) + (< V, A >, < V, ^ >)], 

to describe the Maxwell equations in vacuo, if the densities p = Q and J = O.In fact, owing to (|3.4p 
one easily obtains from (|3.5p that 

(3.6) dA/dt : ^SH/5Y = Y, 

dY/dt : -5H/6A^ -y X B + y <y,A>, 
which are true wave equations in vacuo, where 

(3.7) B:=\7 X A, 
is the corresponding magnetic field. Now defining 

(3.8) E:=-Y-WW 

for some function : D — > R as the corresponding electric field, the system of equations (|3.6p 
assumes, owing to definition (j3.7p . the form 

(3.9) dB/dt ^ -V X E, dE/dt = V x B, 

which are precisely the Maxwell equations in vacuo, if the Lorentz condition 

(3.10) dW/dt+ <V,A>={) 
is imposed. 

Since definition ()3.8|) was essentially imposed rather than arising naturally from the Hamiltonian 
approach and our equations are valid only for a vacuum, we shall try to improve upon these matters 
by employing the reduction approach devised in Section 2. Namely, we start with the Hamiltonian 
p.Sp and observe that it is invariant with respect to the abelian symmetry group G := expCJ, 
where G ~ C^^\D;M.), acting on the base manifold M naturally lifted to T*{M) : for any ip e Q 
and {A,Y) e T*(M) 

(3.11) ^4A):^A + V^, ^4Y)=Y. 

The 1-form p.3|) under the transformation (13.111) also is invariant since 

^*^\{a(^-^){A,Y) = {Y,dA + yd4,) = 
^ ' = (Y, dA) - (< V, r >,dij) = A(a(i))(A, F), 

where we made use of the condition d'i/' — in A^(T*(Af)) for any ip £ G- Thus, the corresponding 
momentum mapping (j2.19p is given as 

(3.13) 1{A,Y) = - <V,Y > 

for all {A, Y) e T*{M). If p e G* is fixed, one can define the reduced phase space Mp :— l^^{p)/G 
since the isotropy group Gp — G, owing to its commutativity and the condition (|3.1ip . Now 
consider a principal fiber bundle t: : M N with the abelian structure group G and a base 
manifold N taken as 

(3.14) N -.^ {B eT{D;E^) : < V, B >= 0, <V,E{S)>^p}, 
where 

(3.15) n{A) =B = V X A. 

We can construct a connection 1-form A G h}{M)®G on this bundle, such that for all A G M, 

(3.16) A{A)-A4l) = l, d<A{A),p>g=n^p^\A)eH^{M;Z), 
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where A{A) e A^(Af) is a differential 1-form, which we choose as 

(3.17) A{A) := ~{W,d <V,A>), 

where W G C'-^\D;R) is a scalar function, as yet not defined. As a result, the Liouville form (|3.3p 
transforms into 

(3.18) X{a'-^^) -.^ (Y,dA) ~ {W,d <V,A>) = {Y + \7W,dA) -.^ {Y, dA), Y:^Y + VW, 
giving rise to the corresponding canonical symplectic structure on T*{M) as 

(3.19) Cj^^^ := rfA(aW) = {dY , AdA). 

Accordingly the Hamiltonian function (13. 5p . as a function on T*{M), transforms into 

(3.20) Hp{A, Y) = l/2[(y, Y) + {W X A,\7 X A) + {<V,A>,<V,A >)], 

coinciding with the well-known Dirac-Fock-Podolsky [SJ I10| Hamiltonian expression. The corre- 
sponding Hamiltonian equations on the cotangent space T*{M), namely 

dA/dt : = 5H/5Y = f, Y := -E - VW, 

dY/dt : = -5H/SA = -V X {V X A) + V <V,A>, 

describe true wave processes, related to the Maxwell equations in the vacuo, except for the external 
charge and current density conditions. In particular, from (|3.20p we obtain 

(3.21) d^A/dt^ - W^A = =^ dE/dt + V{dW/dt + < V, A >) = -V x S, 

giving rise to the true vector potential wave equation, but the Faraday induction law is satisfies if 
one additionally imposes the Lorentz condition (|3.10[) . 

To remedy this situation, we will apply to this symplectic space the reduction technique devised 
in Section 2. Namely, it follows from Theorem 12.71 that above cotangent manifold T*{N) is 
symplectomorphic to the corresponding reduced phase space Mp, that is 

(3.22) Mp:^ {iB;S) eT*{N) : <y,E{S) >= p, <V,B>=0} 
with the reduced canonical symplectic 2-form 

(3.23) uj^^\B,S) = {dB,AdS) = dX{a^p^'>){B,S), A(aW)(S, 5) := -(5*, dS), 
where we define 

(3.24) V X S + F + \7W = -Y := E + \7W, <V,F>:=p, 

for some fixed vector mapping F G C*^^^ (Z?; E"^), depending on the imposed external charge and 
current density conditions. The result Ij3.23p follows right away upon substituting the expression 
for the electric field E = \7 x S + F into the symplectic structure (|3.19p . and taking into account 
the fact that dF = in A^(Af). Whence, the Hamiltonian function p.20p reduces to the symbolic 
form 

Hp{B,S) = 1/2[{B,B) + {V X S + F + \7W,\7 X S + F + VW) + 

(3.25) +( < V, (Vx)-iS >,< V,(Vx)-1b >)], 

where "(Vx)^^" is the corresponding inverse curl-operation, mapping |21j the divergence-free sub- 
space Cj^^liD; E^) C C(i) {D; E^) into itself. Now it follows from (P?^ that the Maxwell equations 
p.ip become a canonical Hamiltonian system on the reduced phase space T*{N), endowed with 
the canonical symplectic structure (|3.23p and the modified Hamiltonian function (|3.25p . More 
precisely, one obtains easily that 

(3.26) dS/dt : = SH/SB = B - (Vxy^W < W,{Vx)-^B >, 
dB/dt : = -SH/6S = -V X {y X S + F + yW) ^ -V X E, 

where we made use of the definition E = V x S + F and the elementary identity V x V = 0. Thus, 
the second equation of (|3.26p coincides with the second Maxwell equation of (|3.ip in the classical 
form 

dB/dt = -V X E. 
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Moreover, owing to p.26p . from (|3.24p one obtains via the differentiation with respect to t G M 
that 

(3.27) dE/dt = dF/dt + V X dS/dt = 

= dF/dt + V X S, 

as well as, owing to p.2p . 

(3.28) <V,dF/dt>=dp/dt = - <\/,J > . 

Now we can write down from (|3.28p that, up to non-essential curl-terms V x (•), the following 
relationship 

(3.29) dF/dt = - J 

holds. In fact, the current vector J G C'^-* (D; E^), owing to the equation of continuity (|3.2p . is 
defined up to curl-terms V x (•) which can be included in the definition of the right-hand side of 
p.29p . Then upon substitution of (|3.29p into p.27p . we obtain the first Maxwell equation of (|3.ip : 

(3.30) dE/dt = VxB~J, 

which is naturally supplemented with the external charge and current densities conditions 

l^^.. <V,B>=0, <V,E>^p, 

^ ^ dp/dt+ <V,J >^Q, 

in virtue of the equation of continuity ()3.2p and definition (|3.22l) . 

As for the wave equations related to the Hamiltonian system (|3.26p . we find that the electric 
field E is recovered from the second equation as 

(3.32) E -dA/dt - VVK, 

where W E C'-^\D;R) is a smooth function that depends on the vector field A e M. To determine 
this dependence, we substitute (|3.29p into equation (|3.30p taking into account that B — \7 x A, 
which yields 

(3.33) d^A/dt^ - V{dW/dt+ < V, A >) = V^A + J. 

With the above, if we now impose the Lorcntz condition ()3.10p . we obtain from ()3.33p the 
corresponding true wave equations in the space-time, taking into account the external charge and 
current density conditions p.3ip . 

Notwithstanding our progress so far, the problem of fulfilling the Lorentz constraint (j3.10p 
naturally within the canonical Hamiltonian formalism still remains to be completely solved. To 
this end, we are compelled to analyze the structure of the Liouville 1-form l|3.18p for the Maxwell 
equations on a slightly extended functional manifold M x L. As the first step, we rewrite the 1-from 
(1^151) as 

A(5W) : = (Y, dA) = (Y + VW, dA) = {¥, dA) + 

(3.34) +{W, -d < V, A >) := (F, dA) + {W, drj), 
where 

(3.35) ?7~-<V,A>. 

Considering now the elements {Y,A;ri,W) £ T*{M x L) as new independent canonical variables 
on the extended cotangent phase space T*{M x L), where L := C'^^^(£';M), we can rewrite the 
symplectic structure p.l9p in the following canonical form 

(3.36) Cbf'^ := rfA(aW) = {dY, AdA) + {dW, Ad-q). 
In view of the Hamiltonian function (j3.20p . we obtain the expression 

(3.37) H{A,Y]r],W) = 1/2[{Y -VW,Y - VW) + (V x A, V x A) + (r^,??)], 
with respect to which the corresponding Hamiltonian equations take the form 



dA/dt 
dY/dt 
drj/dt 

(3.38) dW/dt 



= SH/SY = Y ~ VW, Y ;= ~E, 
= -5H/SA = -V x (V X A), 
= SH/SW =< V, r - VW >, 
= —SH/6ri = —rj. 
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From (|3.38p . we readily compute that 

(3.39) dB/dt + VxE = 0, d^W/df - V^W ^< V , E >, 

dE/dt - V X B = 0, d'^A/dt^ - V^A = -V{dW/dt+ < V, A >). 

It is evident that these equations describe Maxwell's equations in the vacuo, without taking into 
account both the external charge and current density relationships (|3.3ip and the Lorentz condition 
p.lO[) . Our next step is to apply the reduction technique devised in Section 2 to the symplectic 
structure ()3.36p . Whence we find that under the transformations ()3.24p , the corresponding reduced 
manifold M.p becomes endowed with the symplectic structure 

(3.40) u)f ^ := {dB, AdS) + [dW, Adrj), 
and the Hamiltonian p.37p assumes the form 

(3.41) H{S, B; 77, W) = 1/2[(V xS + F + VW, VxS + F + VW) + {B, B) + (ry, rj)]. 
The Hamiltonian equations for H are 



(3.42) dS/dt 
dB/dt 
dr]/dt 



= 6H/SB = B, dW/dt := -SH/Sr] = -rj, 
= -SH/6S = -Vx(VxS' + F + VW) = -V x E, 
= SH/SW = - <V,\7 X S + F + \7W >= - <y,E > -AW, 

which coincide under the constraint (|3.24p completely with Maxwell equations (13. ip . describing 
true space-time processes and taking into account, a priori, both the imposed external charge 
and current density relationships (|3.3ip and the Lorentz condition p.lOp .thus solving the problem 
mentioned in [5l [10] . Indeed, it is easy to obtain from (|3.42p that 

(3.43) d^W/dt^ - AW = p, dW/dt+ < V, A 0, 

VxB = J + dE/dt, dB/dt = -V X E, 
Hence, using p.43p and ()3.3ip . one can easily calculate [l3l|T2] the magnetic wave equation 

(3.44) d^A/dt^ -AA = J, 

supplementing the suitable wave equation on the scalar potential W £ L, thereby completing the 
calculations. Thus, we have proved the desired result; namely, 

Proposition 3.1. The electromagnetic Maxwell equations i3.1\) together with Lorentz condition 
i3.10\) are equivalent to the Hamiltonian system l{3.4^ with respect to the canonical symplectic 
structure |g.^0[ ) and Hamiltonian function {3.4^1 ), which, respectively, reduce to the electro- 
magnetic equations ^3.43^ and i3.44\ ) under the external charge and current density relationships 

The above result can be used for developing an alternative quantization procedure of Maxwell's 
equations, as it circumvents the related quantum operator compatibility problems discussed in 
detail in [H [6l [10]. We hope to consider this aspect of the quantization problem in a future 
investigation. 

Remark 3.2. If one to considers the motion of a charged point particle under a Maxwell field, it 
is convenient to introduce a trivial fiber bundle structure tt: M N, such that M = N x G, 
N := D C M.^ and G :— R/{0} is the corresponding (abelian) structure Lie group. An analysis 
similar to the above gives rise to the reduced (on the space M^:— 1^^{^)/G ~ T*(N), ^ £ Q) 
symplectic structure 

J^\q,p) =< dp, Adq > +d < A{q,g),i >g, 
where A{q,g) A(q),dq > +g^^dg is a suitable connection 1-form on the phase space M, 
with {q, p) e T* (N) and g £ G. The corresponding canonical Poisson brackets on T* (N) are easily 
found to be 

(3.45) {q\q'} = 0, {p„q'} = S), {p„p,} ^ F,,{q) 

for all {q,p) £ T*{N). If one introduces a new momentum variable p :— p + A{q) on T*{N) 3 {q,p), 

(2) (2) 

it is easy to verify that uj^ — > :—< dp, Adq >, which gives rise to the following Poisson 
brackets [101 [Mll^: 

(3.46) {q\q'} = 0, {p^,q^} = S], = 0, 
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where i,j = 1,3, iff for all i,j,k = 1,3 the standard Maxwell field equations are satisfied on N : 

(3.47) dF,j/dqk + dF,k/dq, + dF^^/dq, = 

with the curvature tensor Fij{q) :— dAj/dq^ — dAi/dq^ , i,j ^ 1,3, q £ N. 

It is not difficult to see that the above approach permits a natural generalization for non-abelian 
structure Lie groups, yielding a description of Yang-Mills field equations within our reduction 
formulation. We proceed to such an extension in the next subsection. 

3.2. Hamiltonian analysis of Yang-Mills dynamical systems. As above, we start by defining 
a phase space M of a particle moving under a Yang-Mills field in a region 13 C with M :— DxG, 
where G is a (not in general semisimple) Lie group, acting on M from the right. Over the space 
M one can define quite naturally a connection r(^) by consider the trivial principal fiber bundle 
TT : — > iV, where N D, with the structure group G. Namely, if g G G, q E N, then a 
connection 1-form on M 3 (q, g) can be expressed [4j [T5j [Ml [19] as 

n 

(3.48) A{q;g) := g-\d + J2a^A^'Hq))9, 

1=1 

where {oi S C/ : i = 1, rt} is a basis for the Lie algebra Q of the Lie group G, and Ai : D ^ A^{D), 
i = l,n, are the Yang-Mills fields on the physical space D C K^. 
Now one defines the natural left invariant Liouville form on M as 

(3.49) A(a(i))(g;g) ■.=<p,dq > + < v,g'^dg >g, 

where y G T*{G) and < •,• >g denotes as before the usual Ad-invariant nondegenerate bilinear 
form on Q* x Q, and it is clear that g~^dg G A^(G) Q. The main assumption we need to proceed 
is that the connection 1-form is compatible with the Lie group G action on M. The means that 

(3.50) RlA(q;g)^ AdH-iA[q;g) 

is satisfied for all [q, g) G M and h G G, where R/^ : G ^ G is the right translation by an element 
/i G G on the Lie group G. 

Having gathered all preliminary elements needed for the reduction Theorem 12.71 to be applied 
to our model, we now suppose that the Lie group G canonical action on M is naturally lifted to 
the cotangent space T*{M) endowed, owing to ()3.3p . with the G- invariant canonical symplectic 
structure 

(3.51) uj^'^\q,p;g,y) : ^ d prlia^^\q,p; g,y) ^< dp, Adq > + 

+ < dy, Ag^^dg >g + < ydg^^ , Adg >g 

for all {q,p;g,y) G T*{M). Choose an element £, £ Q* and assume that its isotropy subgroup 
Gj = G, that is Ad^^S^ — ^ for all G G. In the general case such an element £ Q* cannot exist 
unless it is trivial, ^ = 0, as it happens, for instance, in the case of the Lie group G = S'L2(K). Then 
one can construct the reduced phase space 1~^{£,)/G symplectomorphic to (r*(iV), o;^^''), where it 
follows from (|2:27| that for any {q,p) G T*{N), 

(3.52) c^f\q,p) = <dp,Adq> + <n^^\q),^>g = 

71 3 

= < dp, Adq > ^^4'^ («)^«' ^ ^^l' ■ 

s—l — l 

In the above we have expanded the element ^ — X^ILi ^i*^' ^ ^* '^it^i respect to the bi-orthogonal 
basis {a' & G* ,aj £ G : < a\ aj >g= (5* , i,j = 1, n}, with constant coefficients G M, i = 1, 3. We 

also denoted by F-j^ (q), i,j = 1, 3, s = 1, n, the corresponding curvature 2-form fi'^^ G A^(A^) ® G 
components, that is 

n 3 

(3.53) 0(2) (g) J2 E 4'^ ('iW A dq^ 

S—l — l 

for any point q G N. Summarizing the calculations above, we have the following result. 
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Theorem 3.3. Suppose the Yang-Mills field liS.48\ l on the fiber bundle n : M N with M = 
D X G is invariant with respect to the Lie group G action G x M ^ M. Suppose also that 
an element ^ £ G* is chosen so that Ad^^ = ^. Then for the naturally constructed momentum 
mapping I : T*{M) — > G* (which is equivariant) , the reduced phase space 1~^{^)/G ~ T*(N) is 
endowed with the symplectic structure 113.52]} . having the component-wise Poisson brackets form 

n 

(3.54) {p^,q^}^=6i, {q\q^}^ = 0, fe, }« = ^ ^^4'^ (?) 

s=l 

for all i, j = 1,3 and {q,p) G T*{N). 

The corresponding extended Poisson bracket on the whole cotangent space T*{M) comprises, 
owing to (|3.1ip , the foUowing set of Poisson relationships: 

n 

(3-55) {ys-,yk}£, = ^clf,yr, {Pi-.q']^^ , 

n 

{y.,p,}i = Q^{q\q^}, {p,,p,h=Y,ysF^:\q), 

s=l 

where «,j — l,n, c^^, G R, s,k,r — l,m, are the structure constants of the Lie algebra Q, and 
we made use of the expansion A''''^^q) = SJ=i ^'f \l) '^Q'' ''^sll as introducing alternative fixed 
values Ci := yi, i = l,n. The result p.55p follows readily by making the shift in the expression 
(|33T|) defined as ct'^^ a'-^Jt, where a'-^Jt ■= c^'^^l^^,^^ : Al.?) := 9^^dg, g e G. With this, the 
invariance properties of the connection T{A) imply that 

(2) 

^exM^P'i'^^v) =< c^P> ^dq > +d< y{g),Adg-iA{q;e) >g^ 

m 

=< dp, Adq > -\- < d Adg-iy{g), AA{q; e) >g^< dp, Adq > H-^dys A 

n ?n 

+ ^ ^ A^"\q)dys A dq- < Ad*g-,y{g),A{q, e) A A{q, e) >g + 

j=l s=l 

m m n 3 

(3.56) + E E ^^fc '^"^ ^du^+T.T. VsK^filW A 

k>s=l 1=1 s=l i>j = l 

where the coordinates of {q,p;u,y) e T*{M) are defined as follows: Ao{e) := YlT=idu^ ^^"^ 
Ad*g-iy{g) = y{e) := X^^li 2/^ element g & G. This leads immediately to the Poisson 

brackets (2.8) plus additional brackets connected with conjugated sets of variables {u* G R : 
s = l,m} G g* and {y^ G M : s = l,m} G G : 

(3.57) {y„^.n? = '5^ {u\q^}^^0, {p,,u^}^ ^ A\'\q), {u^,u''}^^0, 

where j — l,n, k,s — 1, m, and q £ N. 

Note here that the transition from the symplectic structure cr^^-' on T*{N) to its extension 
CTg^j on T*[M) suggested above just consists formally in adding an exact part to the symplectic 
structure cr^^-', which transforms it into equivalent one. Looking now at the expressions p.56p . one 
can infer immediately that an element f :— X^ZLi ^^s'^" ^ ^* ^^^^ invariant with respect to the 
Ad*-action of the Lie group G iff 

m 

(3.58) {y.,2/fc}d,.=e. =E<fc =0 

r=l 

identically for all s, fc = 1, m, j — l,n and q G iV. In this and only this case does the reduction 
scheme elaborated above go through. 

Returning our attention to the expression p.57p , one can easily derive the exact shifted expres- 
sion 

n 

(3.59) u:f^M.P;n,y)^uj^^\q,p + Y.y^ ^^'^(9) 5^'^)' 

s=l 
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on the phase space T*(M) 3 (q,p;u,y), where we abbreviated for brevity < A^*'(g),dg > as 
Y^^=i^^/\l) dq-' ■ Expressions hke p.59p were discussed within a somewhat different context in 
[201 123j , which also provide a good background for the infinite-dimensional generalization of the 
symplectic structure techniques. Having observed from (j3.59p that the simple change of variables 

m 

(3.60) p:=p + Y,Vs A^'Hq) 

s=l 

in the cotangent space T*{N) recasts our symplectic structure p.56|) into the old canonical form 
p.5ip . one obtains that the following new set of canonical Poisson brackets on T*{AI) 3 {q,p; u, y) : 

n 

{Vs,yk}i = ^clkVr, te,Pj}«=0, {p^,q3}^5l, 

{n',q'}i - 0, {y^u'^lj =,5^, K,p,}^=0, 

l,m and «,j — l,7i, holds iff the nonabelian Yang-Mills field equations 
dF^^f/dq' + dF^f/dq' + dFl^^/dq' + 

m 
k.r—1 

are fulfilled for all s ~ l,m and ^ — l,rt on the base manifold N. This effect of complete 
reduction of gauge Yang-Mills variables from the symplectic structure (|3.56[) is known in literature 
[20j as the principle of minimal interaction and has proven to be quite useful for studying differ- 
ent interacting systems as in [2TJ [24] . We plan to continue the study of the geometric properties 
of reduced symplectic structures connected with such interesting infinite-dimensional coupled dy- 
namical systems as those of Yang-Mills- Vlasov, Yang-Mills-Bogolubov and Yang-Mills-Josephson 
types [m |24] , as well as their relationships with associated principal fiber bundles endowed with 
canonical connection structures. 
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